








This paper proposes a dynamic economic growth model with endogenous environment, health, and wealth. The 
economy is composed of environment, capital good, health caring, and consumer good sectors. We model the production 
technologies and economic structure on the basis of 
household behavior in modelling consumption and saving with the alternative concept of disposable income. The government 
After building the model with wealth accumulation, health change, and environmental dynamics, we show properties of the 
dynamic system by simulation. We depict the movement of the economic system over time. We also carry out comparative 
dynamic analysis to show how transitory processes and long-run equilibrium are affected when the system is subject to 
different exogenous changes. We get some insightful conclusions about complicated trade-offs between environmental 
taxation, wealth accumulation, health change, environment change, and economic structures.  
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Introduction 
In neoclassical growth theory the main endogenous determinant of economic growth is capital 
accumulation. As capital accumulation will exhibit decreasing returns to scale, neoclassical growth 
theory often includes an exogenous factor, population growth, to show possible unlimited aggregated 
economic growth. Although other growth theories are proposed to explain economic growth, almost all 
ation as a main determinant 
of growth. It is evident to say that any economic growth theory should include capital/wealth 
accumulation as a main determinant of economic growth. On the other hand, modern economic 
development shows other important determinants of economic growth. These important determinants 
include, for instance, knowledge creation, human capital accumulation, population dynamics, health 
change, environmental change, preference change. We use a dynamic general equilibrium analytical 
framework with micro-economic foundation created by Zhang (2005, 2008) to examine dynamic 
interdependence between environment, health and wealth. This study models economic growth with 
three determinants, environment change, health dynamics, and wealth accumulation in a dynamic 
general equilibrium framework.  
It is obvious that environmental change and changed environment affects living conditions and 
productivities. There are many studies on dynamic interdependence between production, consumption 
and pollution (Ploude, 1972; Forster, 1973; Pearson, 1994; Grossman, 1995; Dinda, 2004; Managi, 
2007; Kijima et al., 2010; Mesagan, 2015; Kasztelan, 2017; Halkos and Managi, 2017; Gupta and 
Dutta, 2018). We model environment change on the basis of the literature of economic growth with 
endogenous environment. The unique feature of this paper is to connect environment, health and 
wealth on microeconomic foundation. With regard to technologies and economic structures, and 
endogenous capital accumulation, our approach is based on traditional neoclassical growth theory 
(Solow, 1956; Burmeister and Dobell, 1970; Azariadis, 1993; Barro and Sala-i-Martin, 1995).  
We consider that health is an important part of labor force. Healthy population is not only a 
basis for a highly productive economy, but also an important determinant of happiness. In our 
approach Health change is influenced by health caring, consumption, life style and environment. As 
good health implies a high productivity, improvement in health should be associated with wage income 
which enhances consumption and saving. There are many studies about health and economic 
conditions (e.g., Parkin et al., 1987; Strauss and Thomas, 1998; Rivera and Currais, 1999; Schultz, 
1999; Bloom, et al., 2004; Klaus, et al. 2013; Fletcher and Frisvold, 2014; Pestieau and Racionero, 
2016; Kelly, 2017). The modelling of health change in this study is influenced by the literature of 
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economic growth with endogenous health. This paper synthesizes two papers recently proposed by 
Zhang (2012, 2018). Zhang (2012) builds a growth model with environment change. Zhang (2018) 
introduces endogenous health to traditional neoclassical growth theory. This paper integrates the main 
ideas in the two models. The paper is structured as follows. Section 2 defines the growth model with 
environment, health, and wealth with economic structure. Section 3 shows how we follow the 
movement of the model and simulates the movement of the economy with changes in wealth, 
environment, health, and economic structure. Section 4 makes comparative dynamic analysis. Section 
5 concludes the study. The results in Section 3 are checked in the Appendix. 
 
1. The model with endogenous health, environment, and wealth 
With regard to economic structure, the model is founded on the Uzawa two-sector growth 
model (Uzawa, 1961; Diamond, 1965; Stiglitz, 1967; and Drugeon and Venditti, 2001). The Uzawa 
model explains an economy with capital good sector and consumer good sector. This study extends the 
Uzawa model to a four sector economy. We add health caring sector and environment sector. Capital 
good sector supplies capital goods used for investment and consumption. Capital goods is the same as 
 one-sector growth model. Consumer good sector supplies services and goods which are 
consumed simultaneously as they are produced.  Health caring sector supplies health service and 
environment sector protects environment. Environment sector is a public sector financially supported 
Most aspects of the four sectors follow the modelling of economic sectors in 
neoclassical growth theory (Solow, 1956; Burmeister and Dobell, 1970; and Barro and Sala-i-Martin, 
1995). Behaviour of household is described with  utility function and the concept of disposable 
income (Zhang, 1993, 2005). All markets are perfectly competitive. Taxation occurs on production 
Households own assets. Incomes of households are 
used up for consumption, health caring, and saving. Environment affects productivities and capital and 
labor are the two input factors for all the sectors. Available input factors are always fully employed. We 
introduce 
 
 and   -  fixed population and total labor supply; 
t  and tk  - level of health stock of the population and household  wealth; 
 - level of pollution;  
 ,s  h  and  - subscript index standing for capital good sector, consumer good sector, health sector, 
and environment sector; 
tNq  and tKq   -  labor force and capital stocks employed by sector   
tFq   -   output level of sector   
  and tT   - household  work time, leisure time, and time spent on health caring; 
,tc  tcs  and tch  - consumption levels of capital good, consumer good and health service;  
tps  and tph  -  price of capital good and health service; 
tr
 
and  -  rate of interest and wage rate;  
 
and  -  tax rate on sector  output and ,1 qq   
 
and  -  ) and wage income  ( ), 
and ,1 jj   
 
and  -  tax rates on th ), consumption of 
consumer good ( ), and consumption of health service ( ), and jj ;
~1  and  




National labor supply 
Total labor supply is related to human capital, health condition, and work hours. Total labor 
supply is assumed to be as follows  
                                                                                             (1) 
in which h  and  are positive parameters. We interpret h  as level of human capital and  as a 
parameter of due to e.g., Weil, 2007; Tobing, 2011; Zhang, 2018).  
Cobb-Douglass production technologies  
The three sectors  
,,,,1,0,,, hsiqAtNtKtEAtF qqqqqqqqqq
qq  (2) 
where ,, qqA  and  are positive parameters and Eq  is a function of environment.  
The marginal conditions of the three production sectors 












k     (3) 
Modelling of health caring 
Following Grossman (1972) and Zhang (2018), we model health caring by considering it a joint 
production of different inputs for health caring. Let tc  represent for level of health caring. This study 
models health caring as a joint product of health service ,tch  and the representative household
for health caring. Health caring function is taken on the following Cobb-Douglas function  
                                                         (4) 
where  ,~  and  are parameters.  
Consumer behaviors 
After paying different taxes, the household maximizes utility by choosing consumption levels of 
capital good, consumer good, and health caring, and on saving subject to the budget. Following Zhang 
ehold 
behavior. Current income from the interest payment and the wage income after paying taxes is given as 
follows 
,tWtktrty k                                                                        (5) 
where  Different from mostly used concept of disposable income, Zhang 
defines disposable income as the sum of the current income and the value of wealth. The disposable 
income is  
                                               (6) 
where   The disposable income is used up for consumption and saving. The budget 
constraint is 
            (7) 
Time constraint for the household implies 
     (8) 
in which  is the total available time. Substitute (5) and (8) into (7) 








We consider tp  as opportunity cost of health caring and as opportunity cost of leisure time. In 
(9),  is called potential disposable income which is the disposable income that the household 
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obtains by spending the available time on working. The potential disposable income is used up for 
opportunity costs of health caring and leisure, costs for consumption of goods and services, and saving.  
Optimal household behavior  
The household have five variables to decide: consumption levels of capital good and consumer 
good, level of health caring, leisure time, and saving.  utility function is modeled as 
follows   
  (10) 
where 0  ,0   ,0  and 0  are positive parameters. We call  the propensity to use health 
caring,  the propensity to use leisure time,  the propensity to consume consumer good,  the 
propensity to consume capital good, and 0  the propensity to own wealth. Zhang (2005, 2008) applied 
this utility function to analyze different dynamic economic problems. Substitute (4) into (10) 
0000000       (11) 
The optimal conditions are given as follows 
 
hhss
















The change in wealth equals saving ts  minus dissaving .tk  We have 
       (13) 
ealth 
In this study we consider that health stock is an changeable variable. We consider that changes 
in health stock are affected by health caring, nutrition, environment, and lifestyle. Health is also subject 


















where h  is depreciation rate of health stock, ch   and Ta  are non-negative 
parameters. We consider signs of returns-to-scale parameters  and c  ambiguous as they may be 
either negative (when there are increasing returns to scale) or positive  (when there are decreasing 
returns to scale). It should be noted that some studies treat rate of depreciation as function of health 
stock (Grossman, 1972; , 1995). We use function  to describe how 
environmental quality affects health.  
Changes in pollutants 
We now describe dynamics of pollutants,  Changes in pollutants are assumed to be 
affected by production activities, consumption activities, environmental protection, and natural 
purification. Following Zhang (2012), Changes in pollutants are assumed to be modelled by a 
differential equation 
   (15) 
in which ,i  ,s  ,
~





ee     (16) 
where ,0e and e0  are positive parameters, and )0()(Ee  is a function of .E  For simplicity, 
we omit possible impact of health sector on environment. The term 
i
Fi  (or ss ) describes the 
emission of pollutants in production of capital (consumer) good sector (e.g., Guti rrez, 2008). The 
parameter,  (or s
~
) is the emission that the household makes when consuming one unit of capital 
(consumer) good (e.g., Prieur, 2009). The term E0  describes the rate that the nature purifies 
environment. We use  to describe the effect that the environment sector purifies environment. The 
effect is not only related to capital and labor inputs, but also dependent on the current level of 
environment.  
Behavior of environment sector 
The government chooses labor capital inputs to maximize purification output with limited 
incomes are spent on environment. The government collects taxes from the production sectors, 
consumption, wage income, and income of interest from wealth. The  
     (17) 
where 
  
The government budget is 
    (18) 
as follows 
tQeMax     s.t. (18)  
The first-order optimal conditions imply  












Equilibrium conditions for consumer good, health services, and capital good markets 
Equilibrium for consumer good implies  
ss      (20) 
Equilibrium for health service implies 
hh      (21) 
Product of capital good sector is used up for consumption, depreciation of capital stock and net 
saving. We have the equilibrium condition   
ik               (22) 
Physical capital is fully used   
National capital stock is fully employed 
    (23) 
Wealth is held by households  
                                                              (24) 
Labor force is fully employed 
Full employment of labor force is 
    (25) 
We thus completed building the model. The rest of the paper examines dynamic properties of 
the model. 
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2. Dynamic properties of the model 
We now investigate dynamic properties of the model with environment and health. The main 
purpose is to give a computational procedure to show motion of the dynamic system over time with 
computer. A new variable is defined as  
k  
Lemma 
The movement of the economic dynamic system follows three differential equations with three 
variables  ,t   and  t  
     (26) 
where functions j are defined in the appendix. Moreover, all the other variables are given as 
functions of  the three variables at any point in time as follows: tr  with  from (A3
 and  from (A4 tk  with (A21  from (A5)  ,tT ,tc ,tcs  ,tch  
and ts  by (12)  from (8)  with (1) tNs  from i  from (A18 tNh  
from (A1 tNe  by (25  ,tKh i  e  and tKs   with tK  by (24 tFq  
tc  from (4  by (16 tIe  by (A13 tYe  by (A11). 
The three differential equations in (30) have three endogenous variables. As it is almost 
impossible to provide general analytical conclusions about the three nonlinear differential equations, we 












Productivities are all negatively related to the level of pollutants. More pollutants speed up 
health deterioration. The national population, level of human capital, efficiency of health stock, total 
factor productivities, tax rates, parameters in the environmental change equation, and depreciation 

















The parameters in the Cobb-Douglas productions are approximately .3.0  These values are 
often utilized in empirical studies (for instance, Miles and Scott, 2005; Abel et al. 2007). The total 
productivities of the three sectors are 1.2, 1.1, and 1.3. Tax rates are fixed near Depreciation rates of 
physical capital is often fixed around 05.0  in economic studies. We follow this traditional practice. 
We specify the parameters for health caring and household preference as 
 
We require  which means decreasing returns to scale in health caring (e.g., 
2001). It is straightforward to calculate  
 
The household saves 64 percent out of the potential disposable income for future 
consumption. The household spends 0.3 percent of the potential disposable income on health 




The conditions 0c  and 0h  indicate decreasing returns to scale in change of health 
stock. The initial conditions are chosen as  
 
Figure 1 provides the simulation result. The system moves away from the initial state and 
approaches the equilibrium point in the long term.  
The equilibrium values are listed as follows: 
 
Following the procedure in the lemma and using the equilibrium values of the variables, we 
calculate the three eigenvalues as follows:  The three eigenvalues are 
real and negative. The values mean local stability of the equilibrium point. The dynamic system will 
thus go to its equilibrium point if it is subject to some not very large perturbations. This property is 
imperative as we can conduct comparative dynamic analysis.   

















































































Figure 1. The Motion of the economic system 
 
3. Comparative dynamic analysis 
(We show a computational procedure to illustrate the movement of the dynamic system. We 
thus can easily obtain effects of any exogenous changes on the dynamics of the economy. We use a 
variable tx  to mean the change rate of the variable  in percentage due to change in a parameter.  
 
4.1. The household increases the propensity to use health caring  
We first consider a case that the household increases the propensity to use health caring as 
follows:  The result is plotted in Figure 2. We see that as the household 
emphasizes more about health caring, the household spends more time on health caring and 
consumes more health service. Health is improved, resulting in rise in total labor supply. Although 
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good, and health service. Health caring is improved. National wealth is increased. Environment is 


















































































Figure 2. The household increases the propensity to use health caring 
 
 
efficiency of applying health is enhanced as 
follows:  The result is plotted in Figure 3. We see that as the household more 
effectively applies health, the household initially spends more hours on working and less hours on 
leisure and health caring, but does not change the time distribution in the long term. The total labor 
supply is increased. The nation has more capital and suffers from environmental deterioration. The 
four sectors are expanded. The government collects more taxes. The prices of capital good and 
consumer good fall slightly. The wage income rises. The household has more wealth. The household 








































































































































































efficiency of applying health is enhanced as 
follows:  The result is plotted in Figure 4. As the household increases human capital, the 
household initially spends more hours on working and less hours on leisure and health caring, but 
does not change the time distribution in the long term. The prices of capital good and consumer 
good fall slightly. The wage income rises. The household has more wealth. The household 
consumes more capital good, consumer good, and health service. Health caring is improved. The 
total labor supply is increased. The nation has more capital. Environment is deteriorated. The four 



















































































Figure 4. The ed 
 
4.4. The government increases environmental tax on the capital good sector  
We now study a situation that the government increases environmental tax rate on the capital 
good sector as follows:  The result is plotted in Figure 5. The government collects 
more taxes. The environment sector produces more and employs more capital and labor inputs. 
Environment is improved and health is improved. The nation has more capital and more labor 
supply. The scales of the capital good, consumer, and health caring sectors are expanded in the long 
term. The price of capital good rises, but the price of health service falls. The time distribution is not 
affected in the long term. The wage income rises. The household has more wealth. The household 
consumes more capital good, consumer good, and health service. Health caring is improved.  
 
4.5. The government increases tax rate on consumption of health service  
We now study a situation that the government 
consumption of health service as follows:  The result is plotted in Figure 6. The 
government collects more taxes. The environment sector produces more and employs more capital 
and labor inputs. Environment is improved and health is improved. The nation has more capital and 
more labor supply. The scales of the capital good and consumer sectors are expanded. The health 
caring sector employs less labor force. The sector initially produces less and employs less capital 
input, but in the long term produces more and employs more capital input. The prices of capital 
good and health service rise. The time distribution is not affected in the long term. The wage income 
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rises. The household has more wealth. The household consumes more capital good and consumer 
good. The consumption levels of health service and health caring fall initially and are enhanced in 
the long term.  
 















































































Figure 5. The government increases environmental tax on the capital good sector  
 
 
















































































Figure 6. The government increases tax rate on consumption of health service 
 
4.6. The household increases the propensity to use leisure time  
We now study a case that the household increases the propensity to use leisure time as 
follows:  The result is plotted in Figure 7. We see that as the household emphasizes 
more staying at home, the household spends more hours at home and less hours on health caring and 
working. Total labor supply falls. Environment is slightly improved in association with shrinking of 
production scales of the four sectors. The government also gets less tax income. Health is 
deteriorated. The wage income falls. The prices of consumer good and health service are slightly 











































































































































































Figure 7. The household increases the propensity to use leisure time  
 
5. Concluding remarks 
This paper built a dynamic economic growth model with endogenous environment, health, and 
wealth. The main determinants of economic growth are environmental change, health dynamics, 
capital accumulation, and economic structural changes. The modelling of environment change is based 
on contemporary literature of economic growth with endogenous environment. We apply 
approach to the household behavior in modelling consumption and saving with the alternative concept 
of disposable income. Capital and labor are the input factors for all the sectors whose productivities are 
influenced by environment. After building the model with wealth accumulation, health change, and 
environmental dynamics, we showed properties of the dynamic system by simulation. We identified 
the existence of a locally stable equilibrium point. We depicted the movement of the economic system 
over time. We also carried out comparative dynamic analysis to show how transitory processes and 
long-run equilibrium are affected when the system is subject to different exogenous changes. As the 
model is built on integration of the basic ideas in different economic theories, we can further 
develop the model in different directions basing on the literature. We may apply more other 
production or/and utility functions. Government debts and intervention in health sector are important 
issues.  
 
Appendix: Proving the Lemma 
Equations (3) and (19) imply  
                                               (A1) 
where 
     
q
q
q   
From (A1) and (3) we obtain 
                                                            (A2) 
where iiiii   
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zw k                                                                          (A3) 
Equations (3) and (A1) imply 
qq
                                                                           (A4) 
Equation (9) implies 
                                                                                  (A5) 
where  Insert (12) in (8) 
0          (A6)                                  
Insert (A5) in (A6) 
00                                      (A7) 
where 






Tr    
 
Substitute (A7) into (1) 
                          (A8) 






N                                                                                                     (A9) 






N                                                                                                     (A10) 
where we also use  From (12) and (3) we have 
           (A11) 
By the definition of  and (12), we have 
     (A12) 
where we also use (A7) and  Insert (A5) in (A12)  
10c          (A13) 
where 
   
Inset (A13) in (A11) 
    (A14) 
Substitute (A14) in (19) 
     (A15) 
where 6 jjjej Substituting (A15) into (25) yields 
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                            (A16) 
where 69 jj  Substituting (A8)-(A10) into (A16) yields 




























s       
Insert (A5) in (A17) 
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hhssii    (A20) 
where 
 


























We solve all the variables as functions of  ,  and  E   at any point in time as in the Lemma. 
From the procedure in the Lemma, (13), (14), and (15), we get 
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k E           (A24) 





Ezz Ez          (A25) 
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We proved the Lemma.  
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